In this article, a method to replace conductors, in one or multiple layers, by an equivalent layer with homogeneous current distribution is proposed to allow complex 3-D finite element simulations. This equivalent layer needs a coarser mesh, then the simulations are accelerated. The electromagnetic properties of this equivalent layer will be defined to match skin and proximity losses of actual round and Litz-wire conductors. Analytical and empirical equations to obtain these parameters will be provided and the method is validated in several inductive power transfer coils with three dimensional geometries.
I. INTRODUCTION
S INCE the inductive coils have three dimensional (3-D) field distribution, if the well-known analytical equations from the literature for calculating the winding losses in magnetic components [1] - [10] are used to approximate the losses in inductive coils, a large error may be obtained because these methods are based on one dimensional (1-D) field distribution.
Finite element tools allow solving electromagnetic 3-D field distributions but require high computational cost, especially when the amount of conductors is high, or the diameter of the conductors is very small (even if both circumstances take place, for instance, Litz-wire conductors), because the mesh required to perform the simulation is excessively fine.
To overcome these mesh limitations, some researchers such as [11] - [14] perform a 3-D simulation where the conductor is an ideal layer to obtain the inductance and coupling factor. This ideal layer occupies the same space as the N turns of the inductive Manuscript coil (see Fig. 1 ) and the current excitation is homogeneous throughout the conductor. Therefore, ac resistance cannot be obtained because skin effect and proximity effect will not occur. To calculate the ac losses, they need to use analytical equations and finite element simulations. For instance, to calculate the proximity losses, they perform various detailed two dimensional (2-D) simulations to obtain the magnetic field, then they calculate the losses of inductive coils using analytical equations. However, the analytical equations to calculate the proximity effects have some limitations. For this reason, some researchers [15] - [19] perform a set of finite elements simulations to modify analytical equations from the literature. With these new expressions, it is possible to obtain good accuracy. However, to calculate the proximity losses, it is necessary to obtain the magnetic field which is affecting the winding using other analytical equation or from finite element simulations. These empirical equations are only accurate for 1-D field distribution.
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problem using a continuum representation of wound coils by an equivalent layer. This method provides a real and imaginary conductivity in order to keep the losses and energy due to the skin effect; and a real and imaginary permeability in order to keep the losses and energy due to the proximity effect. This approach has good accuracy when the winding is made with round wire and an hexagonally packed winding. Nevertheless, the approach is only valid when the distance among conductors are the same in all directions. Also, the imaginary part of the conductivity implies extra reactive power due to magnetic field energy stored in the winding. Then, after the simulation, this method needs the use of analytical equations to obtain the same actual energy in the winding. Something else we should notice is that FEMM only simulates in 2-D and limits the design process.
This article presents a method to allow direct 3-D and 2-D finite elements analysis of inductive coils without postprocessing equations. Based on the previous work [20] , [21] , we simplify the homogenization process: Instead of performing the process in several steps, we describe a unique equation for each parameter. We also define a solution for cases when the winding is built with a single layer, which is not described in previous works.
The idea is to substitute the group of conductors (round or Litz-wire) utilized in the winding of a inductive coil by an equivalent layer with uniform current distribution which occupies the same area as the winding [see Fig. 1 (c)], so that the meshing requirements are relaxed and fast 3-D simulations are possible to obtain the inductance, coupling factor, and losses of the inductive coil.
The conductivity of the equivalent layer is calculated to keep the losses due to the skin effect, the imaginary permeability will account for the proximity effect losses and the real permeability will keep the magnetic energy.
This article is structured in four sections. In Section II, the analytical equations used in the homogenization process are described. In Section III, a brief qualitatively explanation of the homogenization process is presented. In Section IV, the homogenization process is quantitatively examined using the expressions described in Section II. In Section V, a set of finite element simulations using the homogenization process are performed and its results are compared with measurement.
II. MAGNETIC AC LOSSES OF THE CONDUCTORS
In order to obtain the magnetic and electrical properties of the equivalent layer proposed in this article, we need to know the losses of the conductors which are going to be substituted by the equivalent layer.
To this end, to calculate the losses in a conductor we have to consider two types of frequency dependent losses: Skin (P se ) and proximity (P pe ). In this work, both equations that define these effects are normalized by the dc resistance and expressed as
and
where R DC is the dc resistance of the conductors, σ is the conductivity of the copper, I is the peak current that is exciting the conductor, H is the peak of the external magnetic field, and F s and G p are factors that depend on the geometry, frequency, and type of conductors.
In addition, if we have a layer with homogeneous current distribution we can use the integral form of the Poynting vector theorem [22] and replacing the permeability by μ = μ − jμ , we can obtain an expression to calculate the energy and the losses. The real part of the complex permeability μ is related to the energy, the conductivity σ and the imaginary part of the complex permeability μ are directly related to the power dissipation [23] .
Thus, it is possible to equalize the averaged losses due to the skin effect in a conductor P se and the term relates to the ohmic-losses of the layer as
It is also possible to relate the averaged losses due to the proximity effect in a conductor P pe that depends on the square of the magnetic field and the term given by the imaginary part of the complex permeability
Finally, it is possible to denote the averaged energy as
where μ l and σ l are the complex permeability and the conductivity of the equivalent layer. Therefore, to obtain the value of these parameters, the factors F s and G p from (1) and (2) must be known. In the following subsection we present the calculation of F s and G p for round and litz-wire conductors.
A. Analytical Calculation of Round Conductor
The exact solution of round conductor with diameter d with a skin depth δ is developed in [1] , [2] . The skin effect per unit length of a round conductor can be calculated with (1), where the exact expression for F s for a round conductor can be expressed as
where γ is d/ √ 2δ and ber i and bei i are the real and imaginary part of the Kelvin functions of order i.
Also, the proximity effect per length of a round conductor which is under the influence of an external magnetic field can be obtained using (2) , where the exact expression for G p can be calculated as
The factor F s can be used for any conductor regardless of the ratio of skin depth to diameter of the conductor and the number of conductors. However, the accuracy of G p is low when δ d and the conductors are close (affecting magnetic field distribution).
In the case of Litz-wire conductors, where the skin depth is much lower than the diameter, the accuracy of F s and G p is not compromised. However, to approximate the losses of a winding made of round conductors, the G p is not feasible.
B. Finite Element Fitting of G p
To overcome the problems of the round conductor with the proximity effect described in the previous method, in [15] a modification of analytical equations is proposed. The researchers have performed several finite element simulations in order to obtain empirical results and based on these results it is modified an equation from literature to approximate the proximity effect of a winding configuration as can be shown in Fig. 2 at higher frequencies.
Using (2) to calculate the proximity losses, the empirical expression for G p proposed by [15] is the following:
where X is γ √ 2, v and h are the distances between conductors in the vertical and horizontal axis (see Fig. 2 ) and
where k, b, and w depend on v and h and are given in [15] . This method can be applied to windings which are configured with several layers of conductors as in Fig. 2(a) . Nevertheless, in the case of single layer winding, it is n = 1 (or m = 1) as can be seen in Fig. 3 , this equation cannot be applied. For this reason, in the following section, a new equation is proposed to allow the simulations of this type of windings configuration.
The modification is precise when the field is unidirectional or when the distances h and v are equal (see Fig. 2 ), nevertheless, in this article we propose the use of the perpendicularity of the magnetic field to use this equation for bidirectional fields. Since the magnetic field can be decomposed in the sum of two 1-D magnetic field, it is possible to obtain an equivalent layer with anisotropic complex permeability: One for the field in x-direction and other for the field in y-direction.
C. One-Layer Modification
The modification of Dowell's equation does not consider when the winding is made of a single layer, it is n = 1 (or m = 1) in Fig. 2 . In this article, we presented a new G p to calculate the proximity losses in a one-layer winding made of round conductors.
The one-layer setup considers a winding made of round conductors in a plane separated by a constant distance h. This one-layer is excited by a homogeneous magnetic field which can be applied in two directions (see Fig. 2 ).
The empirical expressions to calculate the proximity losses G p i are described in Appendix A, and can be expressed as
and:
III. PARAMETERS CALCULATION OF THE EQUIVALENT LAYER
The homogenization process starts by replacing of the conventional conductors, with their own current distribution and the surrounding air (see Figs. 4(a), 5(a), and 6(a)) by a single equivalent layer which will have a homogeneous current distribution as can be seen in Figs. 4(b) , 5(b), and 6(b). By doing so, the mesh is reduced substantively and the computational resources to perform finite element simulations are reduced.
Since this new equivalent layer has uniform current distribution, electromagnetic finite element simulation will provide conduction losses and magnetic field losses according to the calculated conductivity and the imaginary part of the complex permeability of the equivalent layer. 
A. Multiple Layers of Round Conductor
In order to obtain the homogeneous conductivity of the equivalent layer, the averaged losses due to the skin effect of the equivalent layer (3) and the skin-effect losses (1) in combination with (6) are equalized
Thus, the homogeneous conductivity of the equivalent layer can be expressed as
where R DC is the dc resistance of one conductor per unit length and A l is the area of the equivalent layer.
To obtain the complex permeability of the equivalent layer for multiple layers of round conductor, we equate the averaged loses due to the magnetic field in x and y direction of the equivalent layer (4) and the proximity effect (2) in combination with (8)
Simplifying both expressions, we can obtain the imaginary part of the complex permeability
where N turns is the number of turns in the winding and A l is the total area of the equivalent layer.
It can be noticed that the parameters v and h in (17) and (18) are swapped to take into account that the separation between conductors is different in x and y direction.
To obtain the real part of the complex permeability, it is possible to use the Kramers-Kronig relation using the imaginary part
where μ cte is calculated so that it ensures the real permeability of the equivalent layer is 1 in low frequency and i is (x,y)-direction.
B. One-Layer of Round Conductor
To obtain the homogeneous conductivity of each conductor, the expression (14) can be used.
For one-layer winding, the only difference is the calculation of G p . In this case, (11) and (12) have to be used.
Then, the imaginary part of the complex permeability of the equivalent layer for both directions can be expressed as:
where N turns is the number of turns in the equivalent layer and A l is the total area of the equivalent layer. The real part can be calculated using (42).
C. Layers of Litz-Wire Conductors
Equating averaged losses due to the skin effect of an equivalent layer (3) and the skin effect (1) in combination with (6) are equated
where γ is defined for one strand, N stands is the number of strands in the Litz-wire conductor, N turns the number of Litz-wire conductors in the winding, R DC is the dc resistance of one strand per unit length, and A l is the area of the equivalent layer that occupies one turn. In addition, to obtain the homogeneous complex permeability, (2) in combination with (7) is equated to the averaged proximity effect losses of the equivalent layer (4) as
In this case, it is possible to use the equation G p of (7) because γ is much smaller than 1.
where μ cte is a value that ensures that the real permeability of the equivalent layer is 1 in low frequency.
IV. EXPERIMENTAL VALIDATION
To test the method, we selected different inductive coils from WÜRTH Elektronik that cover multiple layer and one layers configurations and Litz-wire and round conductors. The finite element models of these coils are simulated in Ansys Maxwell where the actual winding is replaced by an equivalent layer with the magnetic and electrical properties obtained in Section IV and summarized in Table I. The time-consumption for each case is shown in Table II using Intel i7-core.
The different cases are as follows.
Inductive link A:
This coil [24] utilized Litz-wire with 100 strands and the diameter of each strand is 0.08 mm. The total bundle has a diameter of 1.21 mm. The diameter of the coil is 50 mm and the height is 4.5 mm. Neither 3-D nor 2-D simulation of this coil with the actual conductor are feasible due to the fine meshing required (in Table II it is reflected as N/A). Using the equivalent layer with homogeneous current as can be seen in Fig. 7 , where the model utilized in Ansys Maxwell is illustrated, using the complex permeability shown in Fig. 7 (a) and the conductivity shown in Fig. 7(b) , 3-D simulation takes 16 s for meshing and 2 s per frequency solved. In 2-D, the meshing time is reduced by a factor of 3 and the solving frequency by a factor of 6. Regarding the accuracy, it can be seen in Fig 7(c) that both inductance and ac resistance agree with measurements. Both facts make this method very suitable for optimization of inductive coil.
Inductive link B: The winding of this coil [25] is made of a one-layer of round conductors where we have two conductors in parallel with a diameter of 0.45 mm. The dimensions of this coil are 40 × 40 × 1.5 mm. The direct 3-D simulation with the real conductors was not possible, and 2-D simulation will require some postprocessing due to the lack of symmetry. It is possible to perform 3-D finite element simulation using the proposed method. Replacing the actual conductors by the equivalent layer with homogeneous current, it can be seen in Fig. 8 . The orange part represents the winding as an equivalent layer and the gray part is the magnetic core made of ferrite. Then, using to model the equivalent layer the anisotropic complex permeability shown in Fig. 8(a) and the conductivity shown in Fig. 8(b) to model the equivalent layer, good results are obtained [see Fig. 8(c) ].
3-D simulation took 45 s for meshing and 4 s per frequency solution.
Inductive link C: The winding [26] is made of Litz-wire conductors with 80 strands and the diameters of each strands is 0.08 mm. The total bundle has a diameter of 1.1 mm. The dimensions of the coil C are 88 × 52 × 3.5 mm.To introduce this model in Ansys Maxwell, both windings are replaced by independent equivalent layers as can be seen in Fig. 9 . Both equivalent layers are excited by an homogeneous current and insulating boundary is set. To model the actual conductors, the parameters shown in Fig. 9(a) and (b) are used. In this case, because the winding is a double D, the setup to measure this coil is the following: The primary winding is measured, and the secondary winding is in open circuit. Since both coils are equal, only one of them is measured. As mentioned above, 3-D and 2-D direct simulations are not feasible. 3-D simulation using the equivalent layer proposed in this work is performed. The equivalent layer requited 65 s for meshing and 8 s per frequency, also in Fig. 9(c) , ac resistance and inductance were accurately predicted.
Inductive link D: The winding is made of multiple layers of round conductors [27] with a diameter of 0.16 mm. This coil is axisymmetric. The radio of this coil is 6 mm and the height is 1.6 mm. All the conductors are replaced by a compact equivalent layer as can be seen in Fig. 10 . In this case, the complex permeability is anisotropic and it is shown in Fig. 10(a) ; the conductivity is calculated as in the other cases and it can be seen in Fig. 10(b) . Again, 3-D direct simulations were not possible due to the diameter, but in this case a 2-D direct simulation was possible due to the symmetry. 2-D and 3-D simulation with the equivalent layer provided accurate results as can be seen in Fig. 10 . It is interesting to notice that 3-D simulation using the proposed method was faster than 2-D simulation using actual conductors (4x faster per frequency). In the case of 2-D simulation using equivalent layer, the simulation time is reduced by a factor of 60.
From Fig. 11 , it is noticed that the inductances results show good agreement between the simulations and the measurement. On the other hand, the ac resistance results present good agreement in low frequency, but about 100 kHz, that the ac resistance begins to grow, the model presents some discrepancies that can reach up to 15% error. After this point, the accuracy increases again as at low frequency.
V. CONCLUSION
In this article, a method to allow and to accelerate finite element analysis of multiple layers and one-layer windings of round conductor and Litz-wire conductors is proposed. The method is based on the use of an equivalent layer with equivalent parameters that keeps macroscopic energy and losses of the multiple layers winding. The physical properties of the equivalent layer are obtained by means of analytical and empirical equations. (27) , which can predict low frequency losses. The yellow line corresponds to function (28), which can predict high frequency losses. The blue line is the exact solution of the losses of a conductor that corresponds to the simulation by finite elements. The proposed method allows 3-D finite element simulations that cannot be performed using detailed 3-D finite element simulations with actual conductors. Additionally, it shows that even for simpler 2-D simulations where detailed simulations with conductors are feasible, the proposed approach reduces the meshing time by a factor of 10, and the solving time by a factor of 60. This fact makes this approach very appropriate for applying finite element simulation in the optimization of inductive power transfer links.
APPENDIX A PROXIMITY LOSSES FUNCTION FOR SINGLE CONDUCTOR LAYER
Assuming a single conductor layer distributed in x direction, it is shown in Fig. 13 , the proximity losses generated by an external magnetic field will be different as the field is in x and y direction. Then, two empirical expression for G p will be obtained in both x and y direction.
In order to obtain these empirical expressions, two different set of finite element simulation have been performed with Ansys Maxwell with uniform magnetic field in x and y direction, independently.
The conductors have been separated by distance h (varying from 0 to d), the net current through the conductors has been set to 0 A, the diameter d has been set in 1 mm, and the frequency The first set of simulations are performed with uniform magnetic field in x-direction while sweeping the distance and frequency as can be seen in Fig. 15(a) . The second set of simulations are configured with uniform magnetic field in y-direction and sweeping the distance and the frequency. This second setup is shown in Fig. 15(b) .
From these simulations, we obtain the ohmic losses (P FEM ) and the energy (E FEM ) of the total layer. Then, the losses and the energy are normalized to the number of turns and fitted.
A. Finite Element Fitting of G p
Using (2), we can obtain two empirical expression for G p as
where P FEM x and P FEM y are the ohmic losses of the layer for the magnetic field in x and y direction, respectively. If we have one conductor which is excited with a certain magnetic field, we can predict the losses in low frequencies with (27) and in high frequency using (28) (as an example see Fig. 12 )
To obtain a function that can predict exact losses and depends on (27) and (28), a weight function is needed to solve the problems at the turning point 3.2δ = d as
Thus, the empirical expression for G px and G py , when we have more turns, can be expressed as 
B. Finite Element Fitting of μ l
In this case, instead of calculating the real part of the permeability of the layer using Kramers-Kronig ratio as in the cases of Litz wire and multiple layer round conductors, it is possible to obtain an empirical expression of the real part of the complex permeability using (5) as
From the simulations results, it is possible to obtain an expression for the real part of the permeability that describes the energy for a magnetic field in x direction as For the field in the y-direction, we can simplify using a real permeability of 1.
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